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Three-Dimensional Extended Newtonian (Super)Gravity
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We present a three dimensional non-relativistic model of gravity that is invariant under the central
extension of the symmetry group that leaves the recently constructed Newtonian gravity action
invariant. We show that the model arises from the contraction of a bi-metric model that is the sum of
the Einstein gravity in Lorentzian and the Euclidean signatures. We also present the supersymmetric
completion of this action which provides one of the very few examples of an action for non-relativistic
supergravity.
Newton-Cartan geometry has been studied extensively
in recent years due to its use in condensed matter systems
and non-AdS holography [1–11]. This geometric setup
is the necessary framework to covariantize the Poisson
equation of Newtonian gravity with the underlying sym-
metries are given by the centrally extended Galilei alge-
bra, known as the Bargmann algebra [12–14]. While the
Poisson equation was geometrized using Newton-Cartan
geometry long ago, an action principle for the Newtonian
gravity has only recently been constructed [15]. The ma-
jor feature of this action is that although the Bargmann
algebra can capture the symmetries of the required field
equation, it is not capable to obtain the Newtonian grav-
ity action but an extension of that algebra with addi-
tional three new generators is necessary. It was, further-
more, mentioned in [15] that this new algebra can be ob-
tained by a contraction of the direct sum of the Poincare´
and Euclidean algebras in D dimensions.
In this paper, we shall focus on the properties of the
symmetry algebra that gives rise to Newtonian grav-
ity action in three dimensions. The reason for that is
twofold. First, three-dimensional non-relativistic geome-
tries have found themselves direct applications in con-
densed matter physics [2, 3, 16–18]. Therefore, such new
symmetries would presumably be expected to be relevant
to a realistic theory. Second, gravity, both relativisti-
cally and non-relativistically, is technically much simpler
to handle in three dimensions as it can be treated as a
Chern-Simons gauge theory [19–24]. This technical ad-
vantage particularly allows us to immediately establish
the three-dimensional action and to overcome two ma-
jor difficulties with non-relativistic model construction,
namely to obtain the model by taking a non-relativistic
limit and to find the supersymmetric completion. In par-
ticular, we show that the three-dimensional model is the
contraction of a bi-metric model that is the sum of the
Einstein gravity in Lorentzian and the Euclidean signa-
tures. Here, it is also worthwhile to briefly discuss the
current status of non-relativistic supergravity. While su-
pergravity in its relativistic formulation is now a well-
established subject, its non-relativistic formulation is far
from being complete with only very recent constructions
[21, 25, 26]. Such models are particularly relevant to the
construction of supersymmetric field theories on curved
backgrounds by means of localization [27, 28]. Here, we
provide the supersymmetric completion of the extended
Newtonian gravity, which allows for such supersymmet-
ric curved backgrounds, similar to extended Bargmann
supergravity [21].
The spacetime symmetry algebra that is needed to
construct an action principle for Newtonian gravity
consists of the generators of the Bargmann algebra
{H,Pa, Ga, Jab,M} as well as a set of additional genera-
tors {Ta, Ba, Sab} [15]. To construct a Chern-Simons ac-
tion based on this algebra in three-dimensions, one needs
to introduce a central extension in order to have a non-
degenerate bilinear form. Here, we introduce two central
charges, Y and Z, and the non-zero commutation rela-
tions for the extended algebra are given by
[H,Ga] = −ǫabP b , [J, Pa] = −ǫabP b , [J,Ga] = −ǫabGb ,
[Ga, Pb] = ǫabM , [Ga, Gb] = ǫabS , [J,Ba] = −ǫabBb ,
[J, Ta] = −ǫabT b , [H,Ba] = −ǫabT b , [M,Ga] = −ǫabT b ,
[S, Pa] = −ǫabT b , [S,Ga] = −ǫabBb , [Ga, Tb] = −ǫabY ,
[Ga, Bb] = ǫabZ , [Pa, Bb] = −ǫabY , (1)
where a = 1, 2, and we used the three dimensional iden-
tities Jab = ǫabJ and Sab = ǫabS. This extended alge-
bra can be equipped with an invariant non-degenerate
bi-linear form
(Pa, Bb) = (Ga, Tb) = δab ,
(J, Y ) = −(M,S) = −(H,Z) = 1 , (2)
which we can use to construct a Chern-Simons action
S =
k
4π
∫
Tr
(
A ∧ dA+ 2
3
A ∧A ∧ A
)
, (3)
where the gauge field A = Aµdx
µ is given by
Aµ = τµH + eµ
aPa + ωµJ + ωµ
aGa +mµM + sµS
+tµ
aTa + bµ
aBa + yµY + zµZ . (4)
In its component form, this non-relativistic action is
given by
SENG =
k
4π
∫
d3x εµνρ
(
eµ
aRνρa(B) + tµ
aRνρa(G)
+yµRνρ(J)−mµRνρ(S)− τµRνρ(Z)
)
, (5)
2where we have used the curvatures
Rµν
a(B) = 2∂[µbν]
a + 2ǫabω[µ bν]b + 2ǫ
abs[µ ων]b ,
Rµν
a(G) = 2∂[µων]
a + 2ǫabω[µ ων]b ,
Rµν(J) = 2∂[µων] ,
Rµν(S) = 2∂[µsν] + ǫabω[µ
a ων]
b ,
Rµν(Z) = 2∂[µzν] + 2ǫ
abω[µa bν]b . (6)
We refer the action (5) as the extended Newtonian grav-
ity. Although the extended Newtonian gravity is based
on the central extension of the algebra that gives rise to
an action for Newtonian gravity, it is quite distinct from
the Newtonian gravity action of [15]. This can most eas-
ily be seen by the identity that connects the Riemann
tensor to the group theoretical curvatures Rµν(J) and
Rµν
a(G)
Rσρµν = ǫ
abeσaeρbRµν(J)− ǫabeσaτρRµνb(G) . (7)
This identity implies that the time component of the
Ricci tensor is given by
τµτνRρµρν = −ǫabτνeµaRµνb(G) , (8)
which is precisely the leading term of the action for the
Newtonian and extended Bargmann gravity [21–23] up
to a redefinition ωa → ǫabωb. In three dimensions, this
structure requires the invariant bi-linear form to have a
non-zero (Pa, Gb) component. On the other hand, such a
non-zero component is forbidden by the algebra (1) as S
is not a central charge and most importantly it doesn’t
commute with Pa and Ga. This implies that the non-
relativistic models do not follow the relativistic analogy
such that there is a unique two-derivative theory that
admit Poincare´ symmetries, namely the Einstein-Hilbert
action, with both a metric and a Chern-Simons formula-
tion. In non-relativistic setting, the symmetry algebra of
the Newtonian gravity of [15] does not admit an invari-
ant bilinear form without a central extension. Once the
algebra is extended, the resulting Chern-Simons model is
distinct from the Newtonian gravity action.
The extended Newtonian gravity is not the Chern-
Simons formulation of the Newtonian gravity of [15] and
yet it might be expected that it couples to matter in the
same way that the Newtonian gravity couples to matter,
i.e., its matter coupling gives rise to
τµτνRρµρν = −ǫabτνeµaRµνb(G) ∝ j0 , (9)
as an equation of motion which is the Poission equation
for Newtonian gravity. In what follows we show the mat-
ter coupling of the extended Newtonian algebra resembles
to that of extended Bargmann gravity [21] and admits
backgrounds with non-trivial curvature whenever matter
is present. When there is no matter coupling, the zµ, bµ
a
and sµ equations of motions for the extended Newtonian
gravity (5) imply the standard curvature constraints
Rµν(H) = 0 , Rµν
a(P ) = 0 , Rµν(N) = 0 , (10)
where
Rµν(H) = 2∂[µτν] ,
Rµν
a(P ) = 2∂[µeν]
a − 2ǫabω[µb τν] + 2ǫabω[µ eν]b ,
Rµν(N) = 2∂[µmν] + 2ǫ
abω[µaeν]b . (11)
Here, first equation implies that the spacetime can be
foliated in an absolute time direction, while the last two
equations identifies ωµ and ωµ
a in terms of τµ, eµ
a and
mµ. Hence the action (5) provides a model that is defined
on torsionless Newton-Cartan geometry. When the mat-
ter coupling is included, however, any matter couplings
to that includes zµ would change the foliation constraint
Rµν(H) = 0. For simplicity let us consider the matter
Lagrangian Lm to be independent of zµ and consider the
following action
S = SENG +
∫
d3x eLm ,
We can look at the variation of the action with respect
to tµ
a as it determines how the matter coupling would
appear on the right-hand side of the Poisson equation via
the identity (8). The tµ
a field equation read
e−1εµνρRµνa(G) = −4π
k
T ρa , (12)
where
T ρa = e
−1 δ
δtρa
(eLm) . (13)
This indicates that the time component of the Ricci ten-
sor is given by
τµτνRρµρν ∝ eµaT µa . (14)
The Newtonian gravity of [15] yields an equation for the
Ricci tensor such that only the purely time-like compo-
nent of the Ricci tensor is non-zero, i.e. τµτνRρµρν ∝ j0.
For the extended Newtonian gravity, the matter sources
all components of the Riemann tensor similar to extended
Bargmann gravity. Consequently, extended Newtonian
gravity admits backgrounds with non-trivial curvature
whenever matter is present.
Being a Chern-Simons theory, one of the immediate
conclusions that can be made regarding the extended
Newton gravity that it has no propagating degree of free-
dom. From a contraction viewpoint, this implies that
the extended Newton gravity should be a non-relativistic
limit of a non-interacting bi-metric gravity model due
to its field content. This was noted in [15] to some ex-
tend that the D-dimensional analogue of the algebra (1)
without the central extensions can be obtained from a
contraction of the direct sum of the Poincare and Eu-
clidean algebras in D dimensions. The non-interacting
model that we consider here is thus the sum of the Ein-
stein gravity in Lorentzian and the Euclidean signatures
3plus a Chern-Simons action for two abelian gauge fields
Z1 and Z2
S =
kλ
4π
∫
εµνρ
(
ηABE
A
1µR
B
νρ(Ω1) + δABE
A
2µR
B
νρ(Ω2)
+2Z1µ∂νZ2ρ
)
. (15)
where ηAB is Minkowski metric (ηAB = diag(−1, 1, 1)),
δAB is Euclidean metric (δAB = diag(1, 1, 1)) and E
A
µI
and ΩAµI with I = 1, 2 represent the dreibein and spin
connections respectively. Here, the curvatures are given
by
RAνρ(Ω1) = 2∂[µΩ
A
1ν] + ǫ
ABCΩ1[µBΩ1ν]C ,
RAνρ(Ω2) = 2∂[µΩ
A
2ν] + ǫ˜
ABCΩ2[µBΩ2ν]C , (16)
with the following convention for the Levi-Civita symm-
bols
ε012 = −ε012 = −1 , ε˜012 = ε˜012 = 1 . (17)
For the contraction procedure, we express the fields
EAµI ,Ω
A
µI , Z1µ, Z2µ as
Ea1µ = λ
2
√
2eµ
a +
√
2
2
tµ
a , Ea2µ = λ
2
√
2eµ
a −
√
2
2
tµ
a ,
Ωa1µ =
1
2
√
2λ3
bµ
a +
1
λ
ωµ
a , Ωa2µ =
1
2
√
2λ3
bµ
a − 1
λ
ωµ
a ,
E01µ = −
1
λ
yµ + 2λ
3τµ , E
0
1µ = −2λmµ + 2λ3τµ ,
Ω01µ = ωµ +
1
λ2
sµ , Ω
0
2µ = −ωµ −
1
2λ4
zµ ,
Z1µ = − 1
λ
mµ + 2λτµ Z2µ = sµ + 2λ
2ωµ . (18)
Using these expressions in the action (15) and taking the
limit λ → ∞ we precisely recover the extended Newto-
nian gravity (5).
As mentioned, another advantage of the Chern-Simons
formulation is that it allows us to find the supersymmet-
ric description of the extended Newtonian gravity. To
find the supersymmetric extension of the algebra (1) we
proceed along the lines of [21] and consider five fermionic
generators Q±,W± and R that are all Majorana spinors.
With the assistance of the computer algebra program
Cadabra [29, 30], we find that the superalgebra has the
following additional non-zero commutators
{Q+α , Rβ} = (γ0C−1)αβM, [J,Q±] = −
1
2
γ0Q
± ,
{Q+α , Q+β } = (γ0C−1)αβH, [J,R] = −
1
2
γ0R ,
{Q+α , Q−β } = −(γaC−1)αβP a, [J,W±] = −
1
2
γ0W
± ,
{Q+α ,W+β } = (γ0C−1)αβY , [Ga, Q+] = −
1
2
γaQ
− ,
{Q+α ,W−β } = (γaC−1)αβT a, [Ga, Q−] = −
1
2
γaR ,
{Q−α , Q−β } = (γ0C−1)αβM , [Ga,W−] = −
1
2
γaW
+ ,
{Q−α , Rβ} = −(γaC−1)αβT a, [Ga, R] =
1
2
γaW
− ,
{Q−α ,W−β } = (γ0C−1)αβY , [S,Q+] = −
1
2
γ0R ,
{Rα, Rβ} = −(γ0C−1)αβY , [S,Q−] = 1
2
γ0W
− ,
[
Z,Q+
]
=
1
2
γ0W
+ , [Ba, Q
±] =
1
2
γaW
∓ ,
[S,R] =
1
2
γ0W
+ . (19)
Note that Z is no longer a central charge in the supersym-
metric extension of the algebra. The invariant supertrace
is given by (2) extended with
(Q+α ,W
+
β ) = −2(C−1)αβ , (Q−α ,W−β ) = −2(C−1)αβ ,
(Rα, Rβ) = 2(C
−1)αβ . (20)
Introducing the gauge field
Aµ = τµH + eµ
aPa + ωµJ + ωµ
aGa +mµM + sµS
+tµ
aTa + bµ
aBa + yµY + zµZ + ψ¯
+
µQ
+
+ψ¯−µQ
− + ρ¯µR+ φ¯
+
µW
+ + φ¯−µW
− (21)
the action for the extended Newtonian supergravity read
S =
k
4π
∫
d3x εµνρ
(
eµ
aRνρa(B) + tµ
aRνρa(G)
+yµRνρ(J)−mµRνρ(S)− τµRνρ(Z)
−ψ¯+µRνρ(W+)− φ¯+µRνρ(Q+)− ψ¯−µRνρ(W−)
−φ¯−µRνρ(Q−) + ρ¯µRνρ(R)
)
. (22)
Here the supercovariant curvatures are given by
Rµν(Q
+) = 2∂[µψ
+
ν] + ω[µγ0ψ
+
ν] ,
Rµν(Q
−) = 2∂[µψ
−
ν] + ω[µγ0ψ
−
ν] + ω[µ
aγaψ
+
ν] ,
Rµν(R) = 2∂[µρν] + ω[µγ0ρν] + ω[µ
aγaψ
−
ν] + s[µγ0ψ
+
ν] ,
Rµν(W
+) = 2∂[µφ
+
ν] + ω[µγ0φ
+
ν] + ω[µ
aγaφ
−
ν] − s[µγ0ρν]
−z[µγ0ψ+ν] − b[µaγaψ−ν] ,
Rµν(W
−) = 2∂[µφ
−
ν] + ω[µγ0φ
−
ν] − ω[µaγaρν]
−s[µγ0ψ−ν] − b[µaγaψ+ν] . (23)
These curvatures transform covariantly with respect to
the supersymmetry transformation rules
δτµ = −ǫ¯+γ0ψ+µ ,
δeµ
a = ǫ¯+γaψ−µ + ǫ¯
−γaψ+µ ,
δmµ = −ǫ¯−γ0ψ−µ − ǫ¯+γ0ρµ − η¯γ0ψ+µ ,
δyµ = −ǫ¯+γ0φ+µ − χ¯+γ0ψ+µ − ǫ¯−γ0φ−µ − χ¯−γ0ψ−µ
+η¯γ0ρµ ,
δtaµ = −ǫ¯+γaφ−µ − χ¯−γaψ+µ + ǫ¯−γaρµ + η¯γaψ−µ ,
4δψ+µ = ∂µǫ
+ +
1
2
ωµγ0ǫ
+ ,
δψ−µ = ∂µǫ
− +
1
2
ωµγ0ǫ
− +
1
2
ωµ
aγaǫ
+ ,
δρµ = ∂µη +
1
2
ωµγ0η +
1
2
ωµ
aγaǫ
− +
1
2
sµγ0ǫ
+ ,
δφ+µ = ∂µχ
+ +
1
2
ωµγ0χ
+ +
1
2
ωµ
aγaχ
− − 1
2
sµγ0η
−1
2
zµγ0ǫ
+ − 1
2
bµ
aγaǫ
− ,
δφ−µ = ∂µχ
− +
1
2
ωµγ0χ
− − 1
2
ωµ
aγaη − 1
2
sµγ0ǫ
−
−1
2
bµ
aγaǫ
+ , (24)
where ǫ±, χ± and η are the parameters of the local
Q±,W± and R transformations, respectively.
In this paper, we presented an action principle for a
particular three-dimensional non-relativistic gravity that
is invariant under the central extension of the symmetry
group that leaves the Newtonian gravity action invari-
ant. The model is distinct from the Newtonian gravity
both at the level of action and the matter coupling. By
choosing fields appropriately, we show that this action
can be obtained by a contraction procedure. Our model
is of the Chern-Simons type which allowed us to establish
the supersymmetric completion by extending the algebra
with five supersymmetry generators.
The algebra that we present here can be extended to
accommodate a cosmological constant. In this case, we
expect that there are other invariant bi-linear forms, in
particular, there might be an “exotic” extended Newto-
nian gravity that arises from the contraction of the sum
of the “exotic” Einstein gravity in Lorentzian and the Eu-
clidean signatures [19]. Furthermore, the algebra can also
be extended to accommodate scale and Schro¨dinger sym-
metry along the lines of [23]. Once these extensions are
established, it would also be interesting to see whether
there is a further extension to include supersymmetry.
The extended Newtonian gravity has no propagating
degree of freedom as it is a Chern-Simons gauge the-
ory. Degree of freedom can be introduced by considering
higher-derivative extensions or bi-gravity models. This
can be most easily achieved by promoting our Chern-
Simons theory to a Chern-Simons-like theory, i.e., the
action is still of the form (3) but AIµ is no longer has to
be a gauge field [31]. While higher derivative models are
expected to modify the Poisson equation for Newtonian
gravity, the bi-gravity models are particularly relevant to
a geometric interpretation of GMP states by providing
a particular spin-2 planar Schro¨dinger equation [32–37].
Thus, it would very be interesting to see if one can con-
struct non-relativistic interacting bi-gravity theories with
the correct properties in light of the discussions that we
provide here. Being a non-linear theory, it would also be
interesting to develop a Hamiltonian formulation to ana-
lyze the degree of freedom of the resulting higher deriva-
tive or bi-gravity models in Chern-Simons like formalism.
Finally, the superalgebra that we presented in this pa-
per is constructed by hand but obtained not from a con-
traction. In principle, this could be possible by consider-
ing the contraction of the sum of Poincare´ and Euclidean
supergravity along with an action for an abelian vector
multiplet. The analysis of the matter multiplets, which
can either be obtained by direct construction or by con-
traction, would be very interesting as they have impor-
tant applications in supersymmetric non-relativistic field
theories by means of localization.
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